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Abstract
After the analysis of the q-even translation and the q-cosine Fourier transform by A. Fitouhi and
F. Bouzeffour in [q-cosine Fourier transform and q-heat equation, Ramanujan J., in press], it is
natural to look for the q-analogue of some well-known classical theorems. In this paper, we purpose
to give a q-version of the Paley–Wiener theorem related to this Fourier transform using standard
methods of the q-calculus.
 2004 Published by Elsevier Inc.
1. Introduction and preliminaries
In the following we will always assume 0 < q < 1 and adopt the terminology of [3].
A q-shifted factorial is defined by
(a;q)0 = 0, (a;q)n =
n∏
k=1
(1 − aqk−1), n = 1,2, . . . ,∞, (1)
and more generally
(a1, . . . , ak;q)n =
k∏
j=1
n∏
r=1
(1 − ajqr−1), n = 1, . . . ,∞. (2)
A basic hypergeometric series is [4–7]
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∞∑
n=0
(a1, . . . , ar;q)n
(b1, . . . , bs;q)n
((−1)nqn(n−1))1+s−r
(q;q)n z
n. (3)
The q-derivative of a function f on an open interval is given by
(Dqf )(x) = f (x)− f (qx)
(1 − q)x , x = 0, (4)
and (Dqf )(0) = f ′(0), provided f ′(0) exists.
The q-shift operators are
(Λqf )(x) = f (qx), (5)
(Λ−1q f )(x) = f (q−1x). (6)
We consider the q-operator
∆q = Λ−1q D2q , (7)
which acts on a suitable f as
(∆q)f (x) = − q(1 + q)
x2(1 − q)2 ×
{
− q
1 + q f (q
−1x)+ f (x)− 1
1 + q f (qx)
}
. (8)
The reader is invited to consult [4–6] for the definitions and properties of q-Jackson
integrals and the q-analogue of the Euler gamma function.
Some q-functional spaces will be used to establish our result. We begin by putting
Rq = {±qk, k ∈ Z} ∪ {0}, (9)
R+q = {qk, k ∈ Z}, (10)
and denoting by D,q(R), the space of even functions defined on R infinitely q-derivative,
with compact support. We have
D,q(R) =
⋃
a0
D,q,a(R), (11)
where D,q,a(R) is the space of even functions defined on R infinitely q-derivative, with
compact support in (−a, a). We equipped this last with the topologies of uniform con-
vergence for the functions and their q-derivatives. If D(R) is the classical space of even
infinitely derivative functions with compact support, then
D(R) ⊂D,q(R).
The skeleton fˆ of f ∈ D,q(R) is given by fˆ (x) = f (x), x ∈ Rq . Finally we denote by
D,q(Rq) the space of these skeletons and L1(R+q ) the space of functions f defined on R+q
such that
∫∞ |f (x)|dqx = (1 − q)∑∞−∞ |f (qk)|qk < ∞.0
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We summarize some of properties studied in [1]. The q-trigonometric functions are
given by
cos(x;q2) = 1φ1
(
0;q;q2, (1 − q)2x2)=
∞∑
n=0
(−1)nbn(x;q2), (12)
sin(x;q2) = (1 − q)x1φ1
(
0;q3;q2, (1 − q)2x2)=
∞∑
n=0
(−1)ncn(x;q2), (13)
where
bn(x;q2) = qn(n−1) (1 − q)
2n
(q;q)2n x
2n, (14)
cn(x;q2) = qn(n−1) (1 − q)
2n+1
(q;q)2n+1 x
2n+1. (15)
These functions tend when q → 1−, to the classical trigonometric functions.
The q-even translation Tq,x , x ∈ R+q , is defined for f ∈ D,q(R+q ) and x ∈ R+q by
Tq,xf (y) =
∞∫
0
f (t) dqµx,y(t), (16)
where
dqµx,y =
∞∑
s=−∞
D(x, y;qs)δyqs (17)
with δa is the Dirac mass and
D(x,y;qs) = qs
(
x
y
)2s
(q(x/y)2;q)∞
(q;q)∞ 1φ1
(
0;q
(
x
y
)2
;q;q2s+1
)
. (18)
The properties of the measure dqµx,y are studied in [1], in particular it is of totally mass 1.
For f and g two functions in D,q(R+q ), the q-even translation satisfy
Tq,yf (x) =
∞∑
n=0
bn(y;q2)∆nq,xf (x), (19)
∞∫
0
Tq,xf (y) dqy =
∞∫
0
f (y) dqy, (20)
∞∫
0
Tq,xf (y)g(y) dqy =
∞∫
0
f (y)Tq,xg(y) dqy, (21)
Tq,y cos(tx;q2) = cos(tx;q2) cos(ty;q2). (22)
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lim
q→1−
Tq,xf (y) = Txf (y) = 12
{
f (x + y)+ f (x − y)}. (23)
When log(1 − q)/logq ∈ Z, the q-cosine Fourier transform is given for f ∈ D,q(R+q )
by
Fq(f )(λ) = (1 + q
−1)1/2
Γq2(1/2)
∞∫
0
f (t) cos(λt;q2) dqt. (24)
When q tends to 1, we obtain the classical cosine Fourier transform. Some properties
of Fq are given in [1], we recall that
lim
λ→∞Fq(f )(λ) = 0, (25)
Fq(∆qf )(λ) = −λ2Fq(f )(λ), (26)
where ∆q is given by (7).
Finally, we introduce the q-hyperbolic cosine as
cosh(x;q2) = cos(ix;q2). (27)
The following property is useful for the remainder.
Proposition 1. The function cosh(x;q2) is increasing and for 0 α < 2 we have
lim
x→∞
cosh(x;q2)
xα cosh(qx;q2) = ∞. (28)
Indeed, taking account of the definition (12) of cos(x;q2) and from sample majorize of
bn(x;q2) given by (14), we deduce easily the inequality
xα cosh(qx;q2) x
α−2
(1 − q)2
{
cosh(x;q2) − 1},
which leads the result.
3. The spaceHq,a(Rq) and the q-Paley–Wiener theorem
Recall that the classical spaceHa is defined as the set of even functions f satisfying
(1) ∀n ∈ N, ∃Mn > 0,
∣∣Tzf (λ)∣∣ Mn1 + λ2n cosh
(
a|z|), λ ∈ R, z ∈ C.
(2) For λ ∈ R, the maps z → Tzf (λ) is analytic,
where Tz is given by (23).
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Tz by Tq,z and cosh(a|z|) by cosh(a|z|;q2).
Now we are able to enunciate the following version of the q-Paley–Wiener theorem.
Theorem 1. The q-cosine Fourier transform Fq is an isomorphism from D,q,a(Rq) into
Hq,a(Rq).
Proof. Given f ∈D,q,a(Rq), from the properties of the q-translation (21), (22), we have
Tq,zFq(f )(λ) =
a∫
0
f (t) cos(λt;q2) cos(zt;q2) dqt.
Thus, the maps z → Tq,zFq(f )(λ), is analytic.
On the other hand, taking account of the notions we saw before and the fact that
∆q cos(λx;q2) = −λ2 cos(λ;q2), the following computations are true:
λ2nTq,zFq(f )(λ) = (−1)n
∞∫
0
f (t) cos(zt;q2)∆nq,t cos(λt;q2) dqt
= (−1)n
∞∫
0
∆nq,t
[
f (t) cos(zt;q2)] cos(λt;q2) dqt
= (−1)nq−n(n−1)
∞∫
0
Λ−nq D2nq,t
[
f (t) cos(zt;q2)] cos(λt;q2) dqt
= (−1)nqn(n−1)
2n∑
k=0
[
2n
k
]
q
∞∫
0
[
Λ−nq D2n−kq,t cos(zqkt;q2)
]
× [Λ−nq Dkq,t f (t)] cos(λt;q2) dqt
since
supp
[
Λ−nq Dkq,tf (t)
]⊂ [−qn−ka, qn−ka]
and
sup
0ta
∣∣Dkq cos(zt;q2)∣∣Ak cosh(a|z|;q2),
where Ak is some constant. We conclude that there exists a constant C such that
∣∣Tq,zFq(f )(λ)∣∣ C1 + λ2n cosh
(
a|z|;q2).
Hence Fq(f ) ∈Hq,a(Rq).
To achieve the proof of the theorem, it remains to show the surjection of Fq(f ) which
is as follows.
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a constant C1 such that∣∣∣∣∣
∞∫
0
Tq,zf (λ)
sin(bλ;q2)
λ
dqλ
∣∣∣∣∣ C1 cosh
(
a|z|;q2). (29)
In the other hand the analytic functions
g(z) =
∞∫
0
Tq,zf (λ)
sin(bλ;q2)
λ
dqλ
and
h(z) =
∞∫
0
f (λ)Tq,z
(
sin(bλ;q2)
λ
)
dqλ.
These functions satisfy g(qω) = h(qω), ω ∈ Z, so that g(z) = h(z) for all z ∈ C.
Now using this and the fact that
b∫
0
cos(tλ;q2) dqλ = sin(bλ;q
2)
λ
,
Tq;z
sin(bλ;q2)
λ
=
b∫
0
cos(tλ;q2) cos(tz;q2) dqt,
we obtain
∞∫
0
Tq,zf (t)
sin(bλ;q2)
λ
dqλ =
b∫
0
Fq(f )(t) cos(tz;q2) dqt.
By the previous inequality (29) and the definition of the q-Jackson integral we obtain after
minor calculus that for all x > 0 we have
∣∣Fq(f )(b)∣∣ C2 cosh(qbx;q
2)
cosh(bx;q2) ,
where
C2 = C1
(1 − q)b +
(
q
(1 − q)
)
sup
n1
∣∣Fq(f )(bqn)∣∣.
Proposition 1 leads to Fq(f )(b) = 0. 
Example. In [3–8] the authors introduce the q-jα Bessel function as
jα(x;q2) = Γq2(α + 1)
∞∑ (−1)nqn(n−1)
Γq2(n + 1)Γq2(n + α + 1)
(
x
1 + q
)2n
,0
A. Fitouhi, L. Dhaoudi / J. Math. Anal. Appl. 294 (2004) 17–23 23where Γq(z) is the q-analog of the Euler gamma function [4]. One of important result in
[3] is the q-Melher integral representation
jα(x;q2) =
(1 + q)Γq2(α + 1)
Γq2(1/2)Γq21(α + 1/2)
1∫
0
Wα(t;q2) cos(xt;q2) dqt, α > −1/2,
where Wα is the q-binomial function given for |x| < 1 by
Wα(x;q2) = (x
2q2;q2)∞
(x2q2α+1;q2)∞
.
This shows that the q-jα is the q-even Fourier transformation of Wα , which is in D,q,a
and hence q-jα is in Hq,a(Rq).
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